ABSTRACT. A survey is made of results related to the value distribution of functions which are meromorphlc or analytic in the unit disc and have unbounded growth according to some specific growth indicator.
where T(r,f) is the Nevanllnna characteristic of f at r. We note that 0-<u < +.
Further we define the lower order of f by + rl -log(l-r) (2.2) and observe that 0 < E -< u < +.
In this case we have the following relationship between the order of a function and the order of its derivative function.
THEOREM 2.1, Let f be a meromorphic function in D with order defined by (2.1). Let u' be the order of f' defined by (2.1), and let and ' be the lower orders of f and f' respectively defined by (2, 2) , Thus u u (TsuJl [2] and [3,p.228 -log(l-r) with two possible exceptions for g (Tsuji [5] and [3,p,297] ). can be shown that the three quantities in (2.4) converge or diverge simultaneously regardless of the known behavior of (2.3) (see Nevanlinna [6, Ch. X] ).
If the {a k} are the non-zero zero points of f, it is convenient to define the convergence exponent > 0 of the {a k} as follows.
If E(l-la kl) < =, then O.
k If E(l-lakl) , then is that number such that E(l-lakl)+le.. We observe that P is analytic in D and P(a k) 0 for k i, 2, 3, Further, when P is defined by (2.5) we see IPCz) < i, (z D).
We then have two useful theorems. THEOREM 2.4 . Let f be a meromorphic function in D which has finite order Let {a k} be the non-zero zero points of f, and let P be the canonical product formed with {ak}. Let s 0 be the order of P. Then where .V is the convergence exponent of the {a k} (Tsuji [3, Using an extended notion of the characteristic function M. M. Dzhrbashyan [7] has introduced another factorization for functions meromorphic in D.
M. A. Girnyk has studied relationships between the growth of products of the form (2.6) and their value distribution. In [8] he has determined the asymptotic behavior of the logarithm of the modulus of products of the form (2.6) assuming the zeros are all positive and have an asymptotic behavior which is essentially n(r,i/f) c(1-r) -for 0 < C < , 0 > 0. In [9] Girnyk discusses the asymptotic behavior of the Nevanlinna characteristic and the logarithm of the modulus of products of the form (2.6) The above theorem was proved by J.E. Littlewood [12] . This theorem and some refated results of L. Ahlfors [13] are stated in W.K. Hayman [14] where examples are given to show their best possible character. [16] ).
There are some theorems which relate how a number of specific values are assumed when the function grows rapidly enough. -log(i-r) r+l the same conclusion is obtained, and the theorem is best possible (}layman [17] ).
Relationships can be formulated between the deficiencies of a function and the deficiencies of the derivatives of the function at zero. (a ,f) -< (0,f(n)), for n > I. Analogous results for functions meromorphic in the plane or for entire functions appear in H. Wittich [18] . 
Consequently, either f assumes every finite value infinitely often or f () assumes every finite value except possibly zero infinitely often.
Meromorphic functions with order e < + in D have been considered as coefficients of certain differential equations in D. G. Valiron [20] , S, Bank [21, 22, 23] , and A.A. Gol'dberg [24, 25] [28, 29] ).
From the definitions of Nevanllnna and Vallron deficiency it is clear that each
The exceptional values in the theorem can occur even in such a way that the two values cluster only to one boundary point (Barth and Schneider [30] ).
K. Barth [31] [35] and Kapoor and JuneJa [36] ). S(r,i/f) log M(r,f) @(r), (r-l), (Shea[38] ).
THEOREM 3.7. Let and be a non-negatlve, increasing functions which are defined for r in 0 r < i, which are convex with respect to log r in 0 < r < I, and which satisfy (r) Suppose that the zeros of f all lie on a finite number of radii of .z zl i}.
Then if e > 0 and q max(p+e, I), there is a constant C such that n(r,f) < C(l-r)
-q whenever 0 < r < I (Linden [41] ).
In general for functions with order less than one, it is not possible to improve (r/l) (l-r) { log(l-r) } (c.f. Linden [41] ).
Turning our attention to values assumed by the derivative function, we shall give two theorems. [17] and [19] [19] The above theorem is best possible (c.f. Linden [52, 53] zl <i E. Belier [56] points out that these classes are related by the following inclusions:
B-n (l/n) + for all > 0 and 0 < n < ;
5-2/P B p c (I p < ).
Beller [56, 57] has proved the following theorem concerning the zeros of functions in these classes. Heilper [58] which follows. (ii)
where L(r,f) is defined by (3.7) and (iii) f has no finite asymptotic values (Wiman [66] ).
In [67] the conclusion (i) of THEOREM 3.35 is obtained for some functions with less restrictive gaps than (3.12) . A result where the density of the sequence {n k} and the growth of the function is linked follows.
THEOREM 3.36. Let f be a non-constant analytic function in D defined by the power series representation (3.10). Let (t) be the number of n k not greater than t, and suppose that, for some fixed
0(tl-8), (t-).
If the M-order p of f satisfies 8 (3.13) then
(1) (a,f) 0 for every complex number a, (Nicholls and Sons [68] )-and (ii) f has no finite asymptotic values (Sons [69] ).
The best possible nature of (3, 13) THEOREMS. [59] shows that the left-hand side of (5.3) may be positive. A number of properties of m 2(r,f) and some value distribution theorems involving m2(r,f) appear in [88] . In [89] some additional results are obtained with special consideration given to the case where m2(r,f) approaches infinity as r approaches one, but T(r,f) is bounded.
